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1 Introduction 



In the field of Spectral Graph Theory, one of the important research prob- 
lems is to characterize graphs with bounded smallest eigenvalue. In 1976, 
P. J. Cameron, J. M. Goethals, J. J. Seidel, and E. E. Shult [2] charac- 
terized graphs whose adjacency matrices have smallest eigenvalue at least 
—2 by using root systems. Their results revealed that graphs with smallest 
eigenvalue at least —2 are generalized line graphs, except a finite number 
of graphs represented by the root system Eg- We refer the reader to the 
monograph [3], for a complete account of this theory. In 1977, A. J. Hoff- 
man [5] studied graphs whose adjacency matrices have smallest eigenvalue 
at least —1 — \[2 by using a technique of adding cliques to graphs. In 1995, 
R. Woo and A. Neumaier [13] formulated Hoffman's idea by introducing the 
notion of Hoffman graphs and generalizations of line graphs. Hoffman graphs 
were subsequently studied in [£l [TOj ELD E321 EH]- In particular, Jang, Koolen, 
Munemasa and Taniguchi [H] proposed a scheme to classify fat indecompos- 
able Hoffman graphs with smallest eigenvalue at least —3. The present paper 
completes a partial case of this scheme. Since there are quite a few Hoffman 
graphs with smallest eigenvalue at most —3 (see Section [3]), there are strong 
restrictions on Hoffman graphs with smallest eigenvalue greater than —3. 
The counterpart of this problem for ordinary graphs is the classification of 
graphs with smallest eigenvalue greater than —2, given by |4|. In this pa- 
per, we consider fat indecomposable Hoffman graphs with smallest eigenvalue 
greater than —3, under the additional assumption that there exists a slim 
vertex with two fat neighbors. 

Our result can also be regarded as a reformulation of a classical result of 
Hoffman [7J in terms of Hoffman graphs. Let A(G, v*) denote the adjacency 
matrix of a graph G, modified by putting —1 in the diagonal position corre- 
sponding to a vertex v*. Hoffman [7J Lemma 2.1] has shown that A(L(T), e) 
has smallest eigenvalue greater than —2 whenever e is an end edge of a tree 
T, where L(T) denotes the line graph of T. Moreover, under a conjecturally 
redundant assumption, Hoffman [7J Lemma 2.2] has shown that the smallest 
eigenvalue of A(L(T),e) is a limit point of the set of smallest eigenvalues 
of graphs. Denoting by \ m m(A) the smallest eigenvalue of a real symmetric 
matrix A, this implies that X m i n (A(L(T), e)) — 1 is also a limit point of the 
set of smallest eigenvalues of graphs. In fact, \ m i n (A(L(T) , e)) — 1 can be 
regarded as the smallest eigenvalue of a Hoffman graph, and by Hoffman's 
limit theorem [HI Proposition 3.1] (see also [SI E]), it is a limit point of the 
set of smallest eigenvalues of graphs. In this way, we obtain limit points of 
smallest eigenvalues of graphs with smallest eigenvalue greater than —3. 

The goal of this paper is to characterize the special graphs of fat indecom- 
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posable Hoffman graphs with smallest eigenvalue greater than —3 containing 
a slim vertex having two fat neighbors. In particular, if the smallest eigen- 
value of A(G, v*) is greater than —2, then G is the line graph of a tree T and 
v* corresponds to an end edge of T. 

2 Preliminaries 
2.1 Hoffman graphs 

A Hoffman graph ft is a pair of a (simple undirected) graph (V(Sj), E(Sj)) 
and a distinguished coclique F C V(Sj). A vertex in F is called a /at vertex 
and a vertex in \F is called a s/zm vertex. We denote F and V^fj) \F by 
V s (.ft) and V* (ft), respectively. In this paper, we assume that no fat vertex 
is isolated. 

For a vertex x of a Hoffman graph ft, a slim neighbor (resp. a /at neighbor) 
of x in ft is a slim vertex (resp. a fat vertex) y of ft such that {x, y} is an 
edge of ft. We denote by the set of slim neighbors (resp. fat neighbors) of x 
in ft by N^(x) (resp. Nl(x)). A Hoffman graph ft is said to be fat if every 
slim vertex of ft has a fat neighbor, and ft is said to be slim if ft has no fat 
vertex. 

Two Hoffman graphs ft and ft' are said to be isomorphic if there exists 
a bijection : V(ft) -> V(ft') such that 0(V s (ft)) = ^ s (-ft'), <t>{V f {$)) = 
V f (f)'), and G J5(i5) if and only if {<j)(x) , <f>(y)} G J5(J5). A Hoffman 

graph ft' is called an induced Hoffman subgraph of a Hoffman graph ft if 
V s (ft) C ^ s (i3), I^(#) C ^(i3), and £(ft') = G | ar,y G 

Let 

be the adjacency matrix of a Hoffman graph ft, in a labeling in which the 
slim vertices come first and the fat vertices come last. The eigenvalues of ft 
are the eigenvalues of the real symmetric matrix 

B{Sj) = A s (ft) - C(ft)C(ftf . 

We denote the smallest eigenvalue of -B(ft) by X m j Jl (Sj). 

Lemma 2.1 ([131 Corollary 3.3]). Iff}' is an induced Hoffman subgraph of 
a Hoffman graph S), then Xminffi) > A m i n (ft) holds. 

A decomposition of a Hoffman graph ft is a family {ft*}^=i of non-empty 
induced Hoffman subgraphs of ft satisfying the following conditions: 
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(i) v^) = \j l=1 vm, 

(ii) V s {Sf) nV s (f) j ) = if i^j; 

(iii) For each x G V s {fi% N%(x) C ^(tf) 

(iv) If x G V'(fi% y G ^W), and i ^ j, then \N^(x) n AjJ(?/)| < 1, and 
|iVjJ(x) n A^(y)| = 1 if and only if {x,y} G E($). 

A Hoffman graph is said to be decomposable if i} has a decomposition 
with n > 2, and is said to be indecomposable if f) is not decom- 
posable. 

Lemma 2.2 ([HI Lemma 2.12]). If a Hoffman graph $) has a decomposition 
ffl}i=i, then A min (fi) = mii^A^^*) \ l<i<n}. 

Let $) be a Hoffman graph and let m and iV be positive integers. A 
reduced representation of norm m of fj is a map t/j: V S (F)) — >• R N such that 

{m — \Nfi(x)\ if x — y, 

l-\Nf(x)nNf(y)\ if {x, y} G E(Sj), 
-\N£(x) n N^(y)\ otherwise, 

where ( , ) denotes the standard inner product on M. N . 

Lemma 2.3 ([9], Theorem 2.8]). Let fj be a Hoffman graph and let m be 
a positive integer. Then, A m i n (i}) > —in if and only if has a reduced 
representation of norm m. 

Lemma 2.4. Let be a Hoffman graph and let m be a positive integer. 
Then, X m i n (Sj) > — m if and only if has a reduced representation ip of 
norm m such that {ip{v) \ v G V s '($))} is linearly independent. 

Proof. See the proof of 0, Theorem 2.8]. □ 

An edge-signed graph S is a triple (V(S), E + (S), E~~(S)) of a set V(S) 
of vertices, a set E + (S) of 2-subsets of V(S) (called (+) -edges), and a set 
E~(S) of 2-subsets ofV(S) (called (-) -edges) such that E+(S) nE~(S) = 0. 
The underlying graph U(S) of an edge-signed graph S is the (unsigned) graph 
(V(S),E+(S)UE-(S)). 

An edge-signed graph S' is called an induced edge-signed subgraph of an 
edge-signed graph S if V(S') C V(S), E ± (S') = {{x,y} G E ± (S) \ x,y G 
V(S')}. Two edge-signed graphs S and S' are said to be isomorphic if there 
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exists a bijection : V(S) — > V(«S') such that € E ± (S) if and only if 

{0(«),0(i;)}etf t (S'). 

The special graph of a Hoffman graph $3 is the edge-signed graph «S(Jq) 
defined by 7(S(J5)) = V s (.f>) and 

= {{u, v} \ u,v E V s (Sj),u 7^ u, {it, G iv£(u) fl N*{v) = 0}, 

= {{u,v} \u,ve V s (%),u^ v, {u,v} i E(S)),N£(u) D ^ 0}. 

Lemma 2.5 ([91 Lemma 3.4]). A Hoffman graph Sj is indecomposable if and 
only ifU(S(S))) is connected. 

2.2 Block graphs 

A vertex v in a graph G is called a cut vertex of G if the number of connected 
components of G — v is greater than that of G. A graph G is said to be 
2- connected if G has no cut vertex. A block in a graph is a maximal 2- 
connected subgraph of the graph. Two distinct blocks have at most one 
vertex in common. An end block is a block having at most one cut vertex. 
We define the block graph M(G) of a graph G to be the graph whose vertex 
set is the set of blocks of G and two distinct blocks are adjacent in M(G) 
if and only if they have a common vertex in G. A block graph is a graph 
isomorphic to the block graph of some graph. 

Lemma 2.6 ([5J Theorems 1 and 2]). A graph G is a block graph if and only 
if every block of G is a clique. 

Lemma 2.7 ([Tj Proposition 1]). If a graph G contains neither the diamond 
graph if 1,1,2 or a cycle of length at least four as an induced subgraph, then G 
is a block graph. 

A graph is said to be claw-free if it does not contain if 13 as an induced 
subgraph. 

Lemma 2.8. If a connected block graph G is claw-free, then M(G) is a tree. 
Let n(B) denote the number of non cut vertices of a block B of G. Let T be 
the tree obtained from M(G) by attaching n(B) pendant edges to the vertex 
B, for each vertex B ofM(G). Then G is isomorphic to the line graph L(T) 
ofT. 

Proof. Let B be a vertex of B(G) which is not a leaf. Then there are two 
neighbors Bi, B 2 of B in M(G). Since G is claw-free, there are distinct vertices 
t>i,t>2 of B such that B n Bi = {vi} for i — 1,2. Since Vi is a cut vertex, 
B — Vi and Bi — Vi belong to the different connected components of G — tij. 
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If M(G) — B is connected, then there is a path in M(G) — P connecting B\ 
and B 2 . This implies that there is a path in G — v 2 connecting V\ and a 
vertex of B 2 — v 2 . But then B — v 2 and B 2 — v 2 belong to the same connected 
component of G — v 2 , a contradiction. Therefore, every vertex of M(G) is 
either a leaf or a cut vertex. Since M(G) is connected, we conclude that B(£?) 
is a tree. 

Since there is a bijection between the set of edges of M(G) and the set of 
cut vertices of G, the set of edges of T bijectively corresponds to the set of 
vertices G. Then it is easy to see that this bijection preserves the adjacency 
between L(T) and G. □ 

It is well known that, in a block graph, there exists a unique shortest 
path between two distinct vertices. 

Lemma 2.9. Let G be a claw-free block graph, and let B and B' be blocks of 
G with V(B) (IV(B') = 0. If v andv' are vertices in B and B' , respectively, 
then 

f d G (v,v')-l if\V(P)n(V(B)uV(B'))\=4, 
d B{G) (B,B') = { d G (v,v') i f\V(P)n(V(B)UV(B'))\=3, 
( d G (v,v') + l if\V(P)n(V(B)uV(B t ))\=2, 

where P is the shortest path between v and v' in G. 

Proof. Let P = (v = Uq, Ui,...,Uk = v') be the shortest path between v 
and v' in G, where k = d G (v,v'). Let Bi be the block of G containing 
{iiv_i,Ui} for i = l,...,jfe. If \V(P) n (V(B) U V(B'))\ = 4, then B x = B 
and Bk = B' . Therefore (Bi, . . . ,Bk) is the shortest path between B and 
B' in M(G). Thus d M(G) (B,B') = k - 1. If |V(P) n U = 3, 

then either B\ ^ B and -B^ = B' or S x = B and 7^ B'. Therefore 
(B, Bi, ... , _Bfc) or . . . , B^, -B') is the shortest path between B and in 
M(G). Thus d M(G) (B,B') = k. If |V(P) H (V(B) U V(S'))| = 2, then Pi 7^ P 
and Pfc 7^ B' . Therefore (P, Pi, . . . , P^, P') is the shortest path between P 
and P' in 1(G). Thus d B{G) (B, B') = k + 1. Hence the lemma holds. □ 

3 Some Hoffman graphs S) with A m i n (io) < —3 

For a positive integer t, let &i )t be the connected Hoffman graph having 
exactly one slim vertex and t fat vertices. Note that and A m i n (^i jt ) = —t. 
A Hoffman graph is said to be &i tt -free if it does not contain ^ t as an 
induced Hoffman subgraph. If a Hoffman graph fj has smallest eigenvalue 
greater than —t, then is ^i^-free by Lemma 12.11 By a Hoffman graph 
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containing .&i i2 , we mean a Hoffman graph in which some slim vertex has 
two fat neighbors. 

In this section, we give some Hoffman graphs fj with A m i n (fj) < —3. 
These graphs will form a set of forbidden subgraphs for Hoffman graphs with 
smallest eigenvalue greater than —3. This set of forbidden graphs will be used 
in the next section to determine the structure of the special graph S(Sj) of 
a fat Hoffman graph Sj containing with smallest eigenvalue greater than 
-3. 

Lemma 3.1. Let be a fat Hoffman graph. If U(S(Sj)) is a path and each 
of whose two end vertices has two fat neighbors in Sj, then A m i n (i}) < —3. 

Proof. In view of Lemma 12.11 we may assume that every slim vertex of 5} ex- 
cept the end vertices has exactly one fat neighbor. Without loss of generality, 
we may assume 



Bft) 



f-2 
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-1 











-1 


' ' • e«-2 


v° 






e n _! -2 J 



where n is the number of slim vertices of Sj. Let x G 
by 

ifl<^<n 
1 if i = n. 



be a vector defined 



Then (B(Sj) + 3/)x = 0. Hence B(S)) has —3 as an eigenvalue. This implies 
A min (i5) < -3. □ 

Lemma 3.2. Let be a fat indecomposable Hoffman graph. If contains 
at least two &i t 2, then \ m i n ($j) < —3. 

Proof. Let v\ and t>2 be the slim vertices of the two 8.1,2 ■ If Vi = V2, then 
S) contains and thus A m i n (-£j) < —3. Now we assume that V\ 7^ v 2 . 
Since S) is indecomposable, S(Sj) is connected by Lemma [231 Let V be a 
shortest path from V\ to v 2 in S(Sj). Let Sj-p be the Hoffman subgraph of 
.fj induced by the slim vertices which belong to V and their fat neighbors. 
Then S(Sjp) = V. By Lemmas I2TT1 and I37T] A min (ij) < A min (f)-p) < —3. □ 



7 



Lemma 3.3. Let ft be a fat Hoffman graph containing ■ Suppose that 
the slim vertex v* in &i t 2 has two slim neighbors which are not adjacent in 
Sj. Then A m i n (.fj) < —3. 

Proof. Let u and w be slim neighbors of v which are not adjacent in S). Then 
the matrix B(Sj') of the Hoffman subgraph $j' of fj induced by u,v,w and 
their fat neighbors is one of the matrices 

-1 
-2 
-1 

which have smallest eigenvalue —3 and thus A m i n (ij) < —3 by Lemma I2TT1 □ 

Lemma 3.4. Let Si be a fat Hoffman graph containing Ri y2 - Let D n (n > 4) 
be the graph defined by V(D n ) = {t> 1; v 2 , v 3 , . . . , v n } and E(D n ) = {v iv 2 , v 2 v 3 , 
. . . , f„_ 2 fn-i, v n-2 v n}- IfU(S($))) = D n {n > 4) and vi has two fat neighbors 
in S), then A min (i)) < —3. 

Proof. By assumption, we have 
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Let x G 




-efc) if 1 < % < n — 3, 
if i = n — 2, 
if i = n — 1, n. 



Then (B(Sj) + 3/)x = 0. Hence B(S)) has —3 as an eigenvalue. This implies 
A min (i5) < -3. □ 

Lemma 3.5. Let S) be a Hoffman graph. Let T be a triangle in the special 
graph S($j) such that every vertex in T has exactly one fat neighbor in $j. If 
T has a (-)-edge, then A min (.f)) < —3. 
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Proof. By [TUl Lemma 3.11], the number of (— )-edges in T cannot be two. 
Therefore, the number of (— )-edges in T is one or three. Then, the matrix 
B(S)j-) of the Hoffman subgraph Sjj- induced by T and their fat neighbors is 
one of the matrices 

-1 • 
-1 - 
-1 - 

which have smallest eigenvalue —3. By Lemma I2.1[ we obtain A m i n (f)) < 
Amin(^r) = -3. □ 

Lemma 3.6. Let ft be a Hoffman graph. Let T be a triangle in the special 
graph S($j) such that two vertices V\, v 2 in T have exactly one fat neighbor 
in S) and the other vertex v* in T has exactly two fat neighbors in $). If T 
has a (-)-edge, then A min (f)) < —3 or E + {T) = {{^1,^2}} and E~{T) = 
{{v*,v 1 },{v*,v 2 }}. 

Proof. Suppose that E ± {T) is different from the one described. It is enough 
to consider the following cases: 

(a) E+(T) = {{v*, Vl },{v*,v 2 }}, E-(T) = {{vi,v 2 }}, 

(b) E+(T) = {{v*,v 1 },{v l ,v 2 }}, E-(T) = {{v*,v 2 }}, 

(c) E+(T) = {{v*, Vl }}, E-(T) = {{v*,v 2 },{ Vl ,v 2 }}, 

(d) E+(T) = 0, E-(T) = {{v*, Vl },{v*,v 2 },{ Vl ,v 2 }}, 

First, consider the case (c). Since {v *, v 2 } and {^1,^2} are (— )-edges in 
v* and v 2 have a common fat neighbor, say /, in fj, and v± and v 2 have a 
common fat neighbor, say /', in Sj. Since v 2 has exactly one fat neighbor 
in Sj, f — f. Then / is a common fat neighbor of v* and Vi, which is a 
contradiction to the fact that {v*,Vi} is a (+)-edge in S(S)). 

In the cases (a), (b), and (d), the matrices B{S)q-), where Sjr denotes 
the Hoffman subgraph of fj induced by T and their fat neighbors, are the 
following matrices, respectively, 




which have smallest eigenvalue less than —3. Then, by Lemma [2.11 we have 
Amin(^j) < A m i n (i3r) < — 3. Hence the lemma holds. □ 
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Lemma 3.7. Let S) be a fat Hoffman graph containing &l,2- IfU(S(S))) = 
#1,1,2, then A min (#) < -3. 

Proof. Let v* be a slim vertex which has two fat neighbors in Sj. If v* is a 
vertex of degree three in U(S(Sj)) = #i,i,2j then it follows from Lemma [3.31 
that A min (io) < —3. Therefore, we assume that v* is a vertex of degree two 
in U(S(S))) = #1,1,2. Then, 



/-2 eis eia \ 

612 —1 623 ^24 

613 e 23 — 1 e 34 

\ e 24 e 34 -1/ 



where 612,613,623,624,634 G {±1}- By using computer, we can check that 
B(Sj) has the smallest eigenvalue at most —3 for any case. Hence A m i n (fj) < 
-3. □ 

Lemma 3.8. Let be a fat Hoffman graph containing £1,2. Let V and 
K. denote edge-signed graphs such that U(V) is a path and U{K,) = #1,1,2, 
respectively. If <S(f)) is the graph obtained from V and IC by identifying an 
end vertex of V and a vertex in K., and if another end vertex ofV has two 
fat neighbors in $3, then \ m i n ($)) < —3. 



Proof. Since S(S)) is connected, is indecomposable by Lemma 12.51 If S) 
contains at least two ^1,2, then it follows from Lemma I3~2l that A m ; n (i3) < —3. 
Therefore, we assume that Sj contains exactly one ^1,2- Since the end vertex 
of V that is not in /C has two fat neighbors in Sj, every vertex in K, has exactly 
one fat neighbor in Sj. If /C has a (— )-edge, it follows from Lemma [3.51 that 
A m in(^j) < —3. Thus, now we assume that all the edges in /C are (+)-edges. 
Let n be the number of vertices in V. Then 
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where ej, . . 
defined by 



j c n-l 



G {±1} and {e,5} 



(*)< 



[2(e-l)/(e-2) 



{0, 1}. Let x G E n+3 be a vector 

if 1 < i < n - 1, 
if z = n, 

if z = n + 1, n + 2, 
if z = n + 3. 



Since e + 5 = 1, e<5 = 0, e 2 



— e 



0, we obtain (5(f)) + 3/)x 



-B(j3) has —3 as an eigenvalue. This implies A min (f)) < —3. 



0. Hence 
□ 



Lemma 3.9. Let Sj be a Hoffman graph. Let C be a cycle of length at least 
four in the special graph S(Sj) such that every vertex in C has exactly one fat 
neighbor in If the number of (+)-edges in C is even, then A m i n (.fj) < —3. 

Proof. Let n be the length of the cycle C. Let $j' be the Hoffman subgraph 
of induced by C and their fat neighbors. Then 
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where ei, . . . , e n G {±1}- Since the number of (+)-edges in C is even, we have 

n 

*:=i 

Let x G 



be the vector defined by 
1 

nr=\( 



-e k ) 



i = l, 
2<i<n. 



Then (B(S)') + 3/)x = 0. Thus $)' has —3 as an eigenvalue. By Lemma [2.11 

A min (i3) < A min (-f>') < "3. □ 

Lemma 3.10. Let Sj be a fat Hoffman graph containing Ri^- Let V and C 
denote edge-signed graphs such that U(V) = P m and U(C) = C n , respectively. 
Suppose that S($j) is the graph obtained from V and C by adding two edges 
between an end vertex v m of V and two adjacent vertices f m +i o,nd v m+ 2 of 
C, and that another end vertex v\ of V has two fat neighbors in Then 

Amin(^) < -3. 
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Proof. If the number of (+)-edges in C is even, then we have A min (fj) < —3 
by Lemma 13.91 Therefore, we assume that the number of (+)-edges in C 
is odd. Since S(Sj) is connected, S) is indecomposable by Lemma 12.51 If Sj 
contains at least two £1,2, then it follows from Lemma I3~2l that A m i n (ij) < —3. 
Therefore, we assume that Sj contains exactly one £1,2- Since the end vertex 
v% of V has two fat neighbors in every vertex in S — {^i} has exactly one 
fat neighbor in fj. If the triangle {v n , v n+ %, v n+2 } has a (— )-edge, it follows 

m < 



from Lemma 1331 that A m i n (i^) < —3. Thus, now we assume that all the edges 
in the triangle {v n ,v n+ i,v n+2 } are (+)-edges. Then B(Sj) is the matrix 
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where e± = 1 


01, ■ ■ ■ , S m - 


1, £2, • • • 


,e n e {±1} 


Since the number of 


(+) 


in 


C n is odd, 


we have 


n 














n 


t k = (-ir 
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•edges 



fc=i 

Let x e M m+n be the vector defined by 
2 

2-ni=i(-4) 



if i = 1 
if 2 < i < m 
if i — m + 1 
-e/c) ifm + 2<i<m + ?2 



Then (B(fy) + 3/)x = 0. Therefore, has —3 as an eigenvalue and thus 
A min (£) < -3. □ 

Lemma 3.11. Let 9) be a fat indecomposable Hoffman graph containing ^1,2- 
IfU(S($])) contains if 1,1,2 as aw induced subgraph, then A m i n (f)) < —3. 
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Proof. If Sj contains at least two &% t 2, then A m i n (i}) < —3 by Lemma 13.21 
So we assume that Sj contains exactly one Let v* be the slim vertex of 
&i t 2- Suppose that U (<S(.fj)) contains i^i,i,2- Let K be an induced subgraph of 
?7(iS(f))) such that K = i^i,i,2- If v* is in K, then it follows from Lemma I3~T1 

that Ajxijn 

(fj) < —3. Consider the case where v* is not in K. Note that S(Sj) 
is conneted since S] is indecomposable. Let P be a shortest path in £7(iS(f))) 
from t>* to a vertex in F. Let fj' be the Hoffman subgraph of Sj induced 
by the slim vertices which belong to P or K and their fat neighbors. Then 
U (S (ft)) = PUK, where the end vertex of P other than v* is identified with a 
vertex in K. By Lemma l3~8| A m i n (io') < —3. Since ft is an induced Hoffman 
subgraph of f), A min (fj) < A min (i^ / ) by Lemma [2J] Therefore A min (i^) < 
-3. □ 

Lemma 3.12. Let 9) be a fat indecomposable Hoffman graph containing Ri^- 
IfU(S(ft)) contains C n [n > 4) as an induced subgraph, then A min (.f)) < —3. 

Proof. Let C be an induced subgraph of U(S(Sj)) such that C = C n for some 
n > 4. If contains at least two ^i )2 , then A min (.f)) < —3 by Lemma [3721 So 
we may assume that contains exactly one ^1,2- Let v* be the slim vertex 
of ^1,2- If v* is in C, then the two slim neighbors of v* in C are not adjacent, 
and the lemma follows from Lemma 13.31 

Consider the case where v* is not in C . Note that S($)) is connected 
since f) is indecomposable. Let P be a shortest path in U(S(Sj)) from v* to 
a vertex in C . Let m be the number of the vertices of the path P. Note that 
m > 2. Consider the subgraph G of U(S(Sj)) induced by the vertices in PUC. 
Then it follows from the way of taking P and C that G is the graph defined 
by V(G) = {vi, ...,v m , v m+ i, v m+n } and E(G) = {{v h v i+1 } | 1 < i < 
n-l}U{{v m+1 ,v m+n }}\jF, where F C {{v m ,v m+j } \ 2 < j < n}. If F = 0, 
then the subgraph of U(S(S})) induced by . . . , t> m , f m+ i, v m+2 , v m+n } is 
isomorphic to D m+3 . If {v m ,v m+ j} G F for some 3 < j < n — 1, then 
the subgraph of U(S(S))) induced by {v±, . . . ,v m ,v m+ i,v m+ j} is isomorphic 
to D m+2 . If {{v m ,v m+2 },{v m ,v m+n }} C F, then the subgraph of U(S($j)) 
induced by {v 1, . . . , v m , v m+ 2, v m+n } is isomorphic to D m+2 . In these three 
cases, it follows from Lemmas 12.11 and 13.41 that A m i n (.fj) < —3. In the case 
where F = {{f m ,f m + 2 }} or F = {{v m ,v m+n }}, it follows from Lemmas 12.11 
and 13.101 that A min (fj) < —3. Hence A mill (.fj) < —3. □ 

Lemma 3.13. Let $3 be a fat Hoffman graph containing ^i j2 - If U(S(Sj)) 
contains a claw K 13 , then A min (.fj) < —3. 

Proof. Let v* be the vertex which has two fat neighbors in $). Let K be an 
induced subgraph of U(S(S))) such that K = K h3 . If v* G V(K), then let ft 
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be the Hoffman subgraph of $) induced by V(K) and their fat neighbors in 
Sj. Then 



B{Sf) 



f-2 

ex -1 

e 2 

\e 3 



£2 e 3 \ 



-1 

-\) 



/-I e x 

ei -2 

e 2 

\e 3 



£2 e 3 \ 



-1 

-I J 



where £1,62,63 G {±1}- Therefore, we obtain A m i n (^') < —3. If v* £ V{K), 
then consider a shortest path P in U(S(Sj)) from u* to a vertex in if. Let n 
be the number of vertices of P. Let G be the subgraph of U(S($j)) induced by 
V(P)UV(K). Then we can easily verify that G contains an induced subgraph 
D isomorphic to D n+2 , D n+3 , or D n+4 . Let $3' be the Hoffman subgraph of 
induced by V(D). By Lemmas 12. II and f3T4|. we obtain A m i n (fj) < A m i n (iy) < 
-3. □ 

Proposition 3.14. Let Sj be a fat indecomposable Hoffman graph containing 
&i,2- IfU(S($))) contains C n (n > 4), i^i,i, 2 > or as an induced subgraph, 
then A m i n (.fj) < —3. 



Proof. This follows from Lemmas 13.12} 13.111 and 13.131 



□ 



4 Main result 

Lemma 4.1. Let be a fat indecomposable Hoffman graph containing &i >2 
with A m i n (io) > —3. Then, the slim vertex v* in ^1 2 is not a cut vertex of 

u(sm- 

Proof. Suppose that the slim vertex v* in & 1<2 is a cut vertex of U(S(S})). 
Let v\ and v 2 are neighbors of v* in S(Sj) such that v\ and v 2 belong to 
different connected components in U(S(Sj)) — v*. By Lemma [3.21 each of v\ 
and v 2 has only one fat neighbor in $). Let S)' be the Hoffman subgraph of 
ij induced by v*, Vi, v 2 and their fat neighbors. Then 

/-I ei 0\ 
= ei -2 e 2 , 
\0 e 2 -1/ 

where ei,e 2 G {±1}- Then, we obtain A m i n (Jo') = —3 for any cases. Since 
fi' is an induced Hoffman subgraph of fj, A m ; n (io) < A m i n (Jo'). Therefore 
Amin(^3) < — 3, which is a contradiction. Hence the lemma holds. □ 
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We denote the (+)-complete graph on n vertices by /C+ and the (— )- 
complete graph on 2 vertices by /C^. Let T{ be the triangle defined by 
V(T:) = {v*, Vl ,v 2 },E+(V) = {{ Vl ,v 2 }},andE-(m = {{v*, Vl },{v*,v 2 }}. 

Let S be an edge-signed graph. By a block of S we mean the subgraph 
of S induced by a block of U(S). 

Lemma 4.2. Let fj be a fat Hoffman graph containing with A m i n (i}) > 
—3. Let v* be the slim vertex in the £1,2, and let B* be the block of S(Sj) 
containing the vertex v* . Then the block B* is JC+ (n>2), K 2 , orT* ■ 

Proof. If E~(B*) = 0, then B* = /C+ with n > 2 since each block has at least 
two vertices. We assume that E~(B*) ^ 0. If \V(B*)\ = 2, then B* = K^. If 
\V{B*)\ = 3, then, by Lemma ESI B* = T* since A min (^) > -3. 

We show that \V(B*)\ < 3 by contradiction. Suppose that \V(B*)\ > 4. 
Take any three vertices Vi, v 2 , v 3 in B* other than v*. Since A min (.fj) > —3, it 
follows from Lemma [3.51 that the edge-signed subgraph of S(S")) induced by 
{v 1, v 2 , V3} is a (+)-triangle K, 3 . Since E~{B*) 7^ 0, without loss of generality, 
we may assume that {v*,V\} is a (— )-edge in S($)). Since A min (ij) > —3, 
Lemma implies that both of the edges {v *, v 2 } and {v*, v 3 } are (— )-edges. 
For i — 1,2, 3, the vertices v* and Vi have a common fat neighbor, say f], in 
ij since {v*,Vi} is a (— )-edge in <S(io). Since the vertex v* has exactly two 
fat neighbors in S), two of the three fat vertices fx, f 2 , and f 3 are the same. 
Without loss of generality, we may assume that f\ = f 2 . Then v\ and v 2 have 
a common fat neighbor, which is a contradiction to the fact that {v\,v 2 } is 
a (+)-edge in S(S)). Thus < 3. Hence the lemma holds. □ 

Now we are ready to give our main result. 

Theorem 4.3. Let $3 be a fat indecomposable Hoffman graph containing a 
slim vertex v* having two fat neighbors. Then A m i n (.f>) > —3 if and only if 
the following conditions hold: 

(i) U(S(Sj)) is a claw-free block graph, 

(ii) $j has exactly one induced Hoffman subgraph isomorphic to 

(iii) v* is not a cut vertex ofU(S(S))), 

(iv) the block B* of S(Sj) containing the vertex v* is either i n — 2) or 
K 2 orT x *, 

(v) each block of S(S)) other than B* is either /C+ (n > 2) or/C^. 
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Proof. Suppose that A min (f)) > —3. Then (i), (ii), (iii), (iv), and (v) follow 
by Proposition 13.141 Lemma 13.21 Lemma 14.11 Lemma 14.21 an d Lemma 13.51 
respectively. 

Conversely, assume that (i)-(v) hold. Let {Bo = B* , B\, . . . , B p } be 
the set of blocks of S(Sj). For each block B with B S ACj, let V{B) = 
{a + (B), o~{B)}. Let W = {wi, . . . ,w g } be the set of slim vertices of — v* 
which are not cut vertices of U(S ($))). We define a map ip : V s (fj) — > Mr, 
where N = 1 + p + q, by 



1 
1 

-1 

1 

1 

-1 

1 





if % = 0, v = v*, 

if z = 0, B = /C+ for some n, v G V(B ) - {v*}, 

if i = o, B = /cj or 7?, u G V(£ ) - {«*}, 

if 1 < i < p, Bi = /C+ for some n, v G V(Bj), 
if 1 < i <p, Bj = /C7, u = a H 
if 1 < i <p, Bi^JCo, r = n- 



if p + 1 < i < p + g, 
otherwise. 



^2 5 

l> 



'{Bi 



e W, 



Then ip is a reduced representation of .fj. 

Next, we show that {i/>(i>) | i> G V s ($))} is linearly independent. Suppose 
that 

2j a^o) = o 



where 



where a„GK for each v G V S (S)). For each 1 < % < q, ip(v)i +p 
6 V)W denotes the Kronecker's delta. Since J2 v ev s (sj) a vip{ v )i+p = 0, we have 
a Wi = 0. Thus a v = for any v G W. 

Suppose that there exists u G V s (Sj) — (W U {v*}) such that a u ^ 0. We 
take vertex farthest from v* among such vertices. Since u is a cut 

vertex, u is contained in two blocks, say Bi and Bj. Let G = U(S(Sj)) for 
convenience, denote by B* = B , B 1} . . . , B p the blocks in G correspond- 
ing to the blocks B* = Bo, B\, . . . , B p , respectively. Note that {Bi,Bj} 
is an edge in M(G). By (i) and Lemma 12. 8[ M(G) is a tree. Therefore 
dwG)(B*,Bi) = dwG)(B*,Bj) ± 1. Without loss of generality, we may as- 
sume that c?b(g)(B*, Bi) = dmG)(B*,Bj) + 1. Let P be the shortest path 
from v* to it. If j ^ 0, then \V(P) n (V(S*) U V(-Bi))| = 3. Thus by 
Lemma 12.91 



d B (G)(B*,Bi) = d G { 



V , u 



If j = 0, then this holds as well, since both sides equal 1. 

Let u' be any cut vertex in Bi other than u, i.e., v! G V(Bj) — (W U {u}). 
Since it is a cut vertex of G, the shortest path from v* to v! must pass the 
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vertex u. Therefore, da(v*,u') = d G (v*,u) + da(u,u') = dwG)(B*,Bi) + 1. 
Then a u > = by the choice of u. Then we obtain 

= a u ip(u)i + ^ a u ,ip(u')i + ^ a vtp(v)i 

u'eV(Bi)-(WU{u}) v£V(Bi)nW 

= ±a«, 

which is a contradiction to a u ^ 0. Thus, we have a v = for any v G 
V s (fy - (WU{v*}). 

Moreover, we obtain = J2vev s (f}) ^^(^o = a v*- Thus we have a v = 
for any v G V s (f)). Hence {ip(v) \ v G V s (S : j)} is linearly independent. By 
Lemma El A min (^) > -3. □ 

Remark 4.4. In the proof of Theorem 14.31 we constructed a reduced repre- 
sentation of norm 3 of the Hoffman graph fj satisfying (i)-(v) with integral 
entries. In general, a reduced representation may not be realizable in Z n , 
but it is shown in [9j Theorem 2.8] that a graph satisfying the conditions of 
Theorem 14.31 admits such a reduced representation. 



5 Concluding remarks 

Our main theorem gives a characterization of fat indecomposable Hoffman 
graphs f) with A m ; n (fj) > —3 containing a slim vertex v* having two fat 
neighbors, in terms of their special graphs. This is natural, since the smallest 
eigenvalue of ft is determined only by its special graph S(Sj). Given an edge- 
signed graph S satisfying the following conditions: 

(i) U(S) is a claw-free block graph, 

(ii) v* is not a cut vertex of U(S), 

(iii) the block B* of S containing the vertex v* is either /C+ (n > 2) or 
or 7?, 

(iv) each block of S other than B* is either /C+ (n > 2) or /C^~, 

one can construct a fat Hoffman graph fj with S(Sj) = S, such that v* is the 
only slim vertex having two fat neighbors. Indeed, fj can be constructed in 
the following manner: 
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(a) attach a common fat neighbor to each connected component of the graph 
(V(S-v*),E-(S-v*)), 

(b) if B* = /C+, then attach two pendant fat vertices to v*\ if B* = 1C 2 , then 
attach a pendant fat vertex to v*\ if B* = T*, then join v* with the fat 
neighbors of the two neighbors of v* in S. 

Then one can verify that i} is a fat Hoffman graph with <S(fj) = S, and v* 
has two fat neighbors. 

It should be remarked, however, that a fat Hoffman graph fj with pre- 
scribed S(Sj) is not unique. Indeed, let S be the path of length 2 consisting 
of two (+)-edges, with vertex set {v*, v i, v 2 }, where v* is an end vertex. Then 
the two Hoffman graphs Sf (i — 1, 2) defined below satisfy S(S) 1 ) = S. 

V^S) 1 ) ={/+,/_, h,hh 

E(tf) = {{v*, Vl }, v 2 }, K, /+}, K, /_}, K /J, {t; 2 , / 2 }}, 
^ / (^ 2 ) = {/o,/i,/ 2 }, 

£(i} 2 ) = {{< {t;*, v 2 }, {v u v 2 }, {v*, f }, {v*, f 2 }, {v u A}, {^ 2 , f 2 }}. 

Our main theorem also gives a generalization of a result of Hoffman [7]. 
Recall that A(G,v*) denotes the adjacency matrix of a graph G, modified 
by putting —1 in the diagonal position corresponding to a vertex v*. As we 
mentioned in Section [U Hoffman showed the following. 

Lemma 5.1 ([3 Lemma 2.1]). Let L(T) be the line graph of a tree T and 
let e be an end edge of a tree T. Then the smallest eigenvalue A(L(T),e) is 
greater than —2. 

We can generalize Lemma 15.11 using Theorem 14.31 

Theorem 5.2. Let G be a graph and let v* be a vertex of G. Then, the 
smallest eigenvalue of A(G,v*) is greater than —2, if and only if G is the 
line graph of a tree T and v* corresponds to an end edge ofT. 

Proof. Suppose that the smallest eigenvalue of A(G, v*) is greater than —2. 
Let i^i be the fat Hoffman graph obtained by attaching a pendant fat vertex 
to every vertices of G except v*, and attaching two pendant fat vertices to 
v*. Then B($S) = A(G, v*) — I, hence £j has smallest eigenvalue greater than 
—3. By Theorem 14. 3( i). U(S($))) is a claw-free block graph, hence it is a line 
graph of a tree by Lemma [2T51 Moreover, by Theorem I4.3( iii). v* is not a cut 
vertex of U(S(Sj)). Thus v* corresponds to an end edge of T. 

Conversely, suppose that G is the line graph of a tree T and v* corresponds 
to an end edge of T. It is easy to see that the Hoffman graph constructed 
above satisfies all the conditions (i)-(v) of Theorem 14. 31 hence A min (i^) > —3. 
Since 5(f)) = A(G,v*) - I, we conclude that X min (A(G,v*)) > -2. □ 
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